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Abstract
We prove the existence of a continuous Morse energy function for an arbitrary
topological flow with finite hyperbolic (in topological sense) chain recurrent set
on a topological manifold of any dimension. This result is a partial solution of
the Morse problem of existence of continuous Morse functions on any topological
manifolds. Namely, we prove that a topological manifold admits a continuous
Morse function if it admits a topological flow with finite hyperbolic chain recur-
rent set.
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1. Introduction and main results
It is well known that for dimensions from 4 on there are topological man-
ifolds admitting no smooth structure, therefore, dynamical systems as well as
functions on such manifolds may only be considered as topological and contin-
uous, respectively. Nevertheless, these systems and functions have the same
properties as the smooth ones and they are closely related to the topology of
the ambient manifold. In this paper we consider a well known Lyapunov func-
tion for dynamical systems, that is a continuous function which is constant on
each chain component and decreases along orbits outside the chain recurrent
set. More precisely, we consider an energy function whose set of critical points
coincides with the chain recurrent set of the system.
Definitions.
Let Mn be a closed n-manifold with a metric. A topological flow on Mn is a
family of homeomorphisms f t : Mn →Mn each of which is continuous on t ∈ R
and satisfies
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1. f0(x) = x for any x ∈Mn;
2. f t(fs(x)) = f t+s(x) for any s, t ∈ R, x ∈Mn.
The trajectory or the orbit of a point x ∈Mn with respect to the flow f t is
the set Ox = {f t(x), t ∈ R}. The trajectories are oriented with respect to the
parameter t. Any two trajectories either coincide or they do not intersect one
another, therefore, the phase space is the union of pairwise disjoint trajectories.
There are three types of trajectories:
1. a fixed point Ox = {x}.
2. a periodic trajectory Ox for which there exists such per(x) > 0 that
fper(x)(x) = x but f t(x) 6= x for every 0 < t < per(x). The number
per(x) is called the period of Ox and it is independent of the choice of
x ∈ Ox.
3. a regular trajectory Ox is a trajectory that is neither a fixed point nor a
periodic trajectory. Every regular trajectory is homeomorphic to the line.
An ε-chain of length T connecting a point x to a point y with respect to
the flow f t is a sequence of points x = x0, . . . , xn = y for which there is a
sequence t1, . . . , tn such that d(f
ti(xi−1), xi) < ε, ti ≥ 1 for 1 ≤ i ≤ n and
t1 + · · ·+ tn = T .
A point x ∈Mn is chain recurrent for the flow f t if for every ε > 0 there is
T and there is an ε-chain of length T connecting x to itself. The set of all chain
recurrent points of f t is the chain recurrent set denoted by Rft , its connected
components being the chain components. The set Rft is f t-invariant, i.e. it is
composed of the f t trajectories which are called chain recurrent. Fixed points
and periodic orbits are chain recurrent.
A Lyapunov function for a flow is a continuous function which decreases along
the orbits outside the chain recurrent set and which is constant on each chain
component. It follows from the results of C. Conley [1] that such a function
exists for every flow defined by a continuous vector field (this fact is known
as “The Fundamental Theorem of Dynamical Systems”). From the results of
W. Wilson [2] it follows that for every such a flow there is a smooth Lyapunov
function whose set of critical points coincide with the chain recurrent set. Such
Lyapunov function is called the energy function. From the results of S. Smale
[3] and K. Meyer [4] it follows that any gradient-like flow on a manifold has a
Morse energy function.
In this paper we develop the ideas of [3] and [4]. In section 2 we introduce
the notions of a topologically hyperbolic fixed point and a continuous Morse
function on a manifold Mn. For the class G(Mn) of topological flows with
finite (therefore, composed of fixed points) hyperbolic chain recurrent set on
Mn we prove
Theorem 1. Every flow f t ∈ G(Mn) admits a Morse energy function.
2. Dynamics of flows of G(Mn)
Let f t be a topological flow on a closed manifold Mn.
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Two flows f t : Mn → Mn, gt : Mn → Mn are said to be topologically
equivalent if there is a homeomorphism h : Mn → Mn such that gth = hf t for
every t ∈ R. h is called the conjugating homeomorphism.
Let the model flow in a neighborhood of a fixed point be the linear flow
atλ : Rn → Rn, λ ∈ {0, 1, . . . , n} defined by
atλ(x1, . . . , xλ, xλ+1, . . . , xn) = (2
tx1, . . . , 2
txλ, 2
−txλ+1, . . . , 2−txn).
Let
Esλ = {(x1, . . . , xn) ∈ Rn : x1 = · · · = xλ = 0},
Euλ = {(x1, . . . , xn) ∈ Rn : xλ+1 = · · · = xn = 0}.
A fixed point p is topologically hyperbolic if there are a neighborhood Up ⊂
Mn of p, a number λ ∈ {0, 1, . . . , n} and a homeomorphism hp : Up → Rn such
that hpf
t|Up = atλphp|Up whenever both the right and the left side are defined.
The locally invariant manifolds of a fixed point p are the sets h−1p (E
s
λp
), h−1p (E
u
λp
).
The sets
W sp =
⋃
t∈R
f t(h−1p (E
s
λp)), W
u
p =
⋃
t∈R
f t(h−1p (E
u
λp))
are called the stable and the unstable invariant manifolds of p, respectively. If
follows from the definition that W sp = {y ∈ Mn : lim
t→+∞ f
t(y) = p},Wup = {y ∈
Mn : lim
t→+∞ f
−t(y) = p} andWup ∩Wuq = ∅ (W sp∩W sq = ∅) for any two hyperbolic
fixed points p, q. Moreover, there is an injective immersion J : Rλp →Mn such
that Wup = J(Rλp)1.
We say the number λp to be the index of the fixed hyperbolic point p. We
say points of indexes n and 0 to be sources and sinks, respectively. A point p
with λp ∈ {1, · · · , n− 1} is said to be a saddle.
Recall that the flows of G(Mn) are topological flows on Mn with finite
hyperbolic chain recurrent set, therefore, the points of the chain recurrent set
are the fixed points. The dynamics of these flows are similar to that of the
gradient-like flows in the following sense. Analogously to the Smale’s order we
introduce the relation on the set of fixed points of f t ∈ G(Mn) by
p ≺ q ⇐⇒ W sp ∩Wuq 6= ∅.
Since the chain recurrent set of f t is finite this relation can be extended to a total
order relation on Rft . From now on let the fixed points of f t be enumerated
according to this order:
p1 ≺ · · · ≺ pk.
Assume without loss of generality that in this order any sink precedes any saddle
and any saddle precedes any source.
1A map J : Rm → Mn is an immersion if for every point x ∈ Rm there is such a
neighborhood Ux ⊂ Rm that the restriction J |Ux of the map J to Ux is a homeomorphism.
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Using the methods analogous to that of [5] one can prove the following
theorem which describes the embedding and the asymptotic behavior of the
invariant manifolds of the fixed points.
Theorem 2. Let f t ∈ G(Mn). Then
1. Mn =
k⋃
i=1
Wupi =
k⋃
i=1
W spi ;
2. Wupi (W
s
pi) is a topological submanifold of M
n and it is homeomorphic to
Rλpi (Rn−λpi );
3. cl(Wupi) \ (Wupi ∪ pi) ⊂
i−1⋃
j=1
Wupj (cl(W
s
pi) \ (W spi ∪ pi) ⊂
k⋃
j=i+1
W spj ).
3. Continuous Morse function
Following M. Morse [6] we now introduce a continuous Morse function on
Mn.
Let ϕ : Mn → R be a continuous function with real values. A point p ∈Mn
is said to be regular if there is a neighborhood Vp ⊂ Mn of p and there is a
homeomorphism φp : y ∈ Vp 7→ φp(y) = (x1(y), · · · , xn(y)) ∈ Rn such that
xi(p) = 0, i ∈ {1, · · · , n}, ϕ(y) = ϕ(p) + xn(y), y ∈ Vp.
Otherwise the point p is called critical. Denote by Crϕ the set of critical points
of ϕ. If the coordinates xi, i ∈ {1, · · · , n} of a critical point p are such that
there is νp ∈ {0, · · · , n} such that
ϕ(y) = ϕ(p)−
νp∑
i=1
x2i (y) +
n∑
i=νp+1
x2i (y), y ∈ Vp,
then p is called a non-degenerate critical point of index νp. A Morse function
whose every critical point is non-generate is called a continuous Morse function.
From [6] it follows that the classical Morse inequities for the number of
critical points of index ν and the ν-th Betti number are true for a continuous
Morse function.
Proposition 3.1 stating the existence of a local Morse energy function follows
from hyperbolicity of the fixed point p.
Proposition 3.1. Let p be a fixed point of index λp of a flow f
t ∈ G(Mn)
and let hp : y ∈ Up 7→ hp(y) = (x1(y), · · · , xn(y)) ∈ Rn be a homeomorphism
conjugating f t in a neighborhood Up of p to the linear flow a
t
λp
. Then for every
number c ∈ R the function
ϕp,c(y) = c−
λp∑
i=1
x2i (y) +
n∑
i=λp+1
x2i (y), y ∈ Up
is the local Morse energy function for f t in the neighborhood of p.
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4. Construction of an energy function for G(Mn) flows
In this section we prove Theorem 1, that is for every topological flow f t
of G(Mn) we construct a continuous Morse function ϕ : Mn → R with the
properties
1. ϕ(f t(x)) < ϕ(x) for every x ∈ (Mn \ Rft) and every t > 0;
2. Crϕ = Rft and νpi = λpi for any fixed point pi.
For each i ∈ {1, . . . , k − 1} let
Ai =
i⋃
j=1
Wupj , Ri =
i⋃
j=i+1
W spj .
By induction on i ∈ {1, . . . , k − 1} we are going to construct a neighborhood
Ui of the set Ai and a Morse function ϕi : Ui → [1, i + 1/3] with the following
properties:
• Ui = ϕ−1i ([1, i+ 1/3]) is a closed compact topological n-submanifold with
the boundary ∂Ui = ϕ
−1
i (i+ 1/3) such that Ai ⊂ int Ui, Ui ∩Ri = ∅.
• ϕi is an energy function for the flow f t|Ui which coincides with ϕpi,i in
some neighborhood of pi.
The last step of the construction that is the construction of a neighborhood
Uk and a function ϕk when ϕk−1 is already constructed on the neighborhood
Uk−1 we consider separately. According to Theorem 2 the neighborhood Uk is
the entire manifold Mn and the function ϕk is the desired function ϕ.
Denote by
Dn = {(x1, . . . , xn) ∈ Rn :
n∑
i=1
x2i ≤ 1} the standard n-disk (n-ball), D0 = {0}
and by
Sn−1 = {(x1, . . . , xn) ∈ Rn :
n∑
i=1
x2i = 1} the standard (n − 1)-sphere, S0 =
{−1, 1}.
Construction for i = 1. By Theorem 2 the point p1 is a sink. By Proposition
3.1 there is a local energy function ϕp1,1 in some neighborhood of p1. Let
U1 = ϕ
−1
p1,1
([1, 4/3]) and ϕ1 = ϕp1,1|U1 and this concludes the proof for this
step.
Induction step. Suppose the desired ϕi−1 : Ui−1 → [1, i−2/3] is constructed.
Now we are going to construct ϕi : Ui → [1, i+ 1/3]. Consider three cases: pi is
a) a sink; b) a saddle; c) a source.
a) The point pi is a sink. Analogous to the step i = 1 from Proposition 3.1
it follows that for each s ∈ {1, . . . , i} there is a local energy function ϕps,s in
some neighborhood of ps. Let U˜s = ϕ
−1
ps,s([s, i + 1/3]), Ui =
i⋃
s=1
U˜s and define
the desired function ϕi by
ϕi(x) = ϕps,s(x), x ∈ U˜s,
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Figure 1: Induction step if pi is a sink
(see Figure 1).
b) The point pi is a saddle with Morse index λpi . From Proposition 3.1 it
follows that there is a local energy function ϕpi,i in some neighborhood of pi.
Let L = {(x1, . . . , xn) ∈ Rn : x2λpi+1+· · ·+x
2
n ≤ 1/4} and Σ± = {(x1, . . . , xn) ∈
Rn : −x21 − · · · − x2λpi + x
2
λpi+1
+ · · · + x2n = ±1/3}. By construction the set
L ⊂ Rn is homeomorphic to Rλpi×Dn−λpi and the set Σ− (Σ+) is homeomorphic
to Sλpi−1 × Rn−λpi (Sn−λpi−1 × Rλpi ). Let
Σ±i = ϕ
−1
pi,i
(i± 1/3), Qi = Σ−i ∩Wupi , di = Σ−i ∩ ϕ−1pi,i(L).
Then these sets satisfy:
• the set Σ±i ⊂ Upi is the image of Σ± by the homeomorphism h−1pi , there-
fore, Σ−i (Σ
+
i ) is homeomorphic to Sλpi−1 × Rn−λpi (Sn−λpi−1 × Rλpi );
• the set Qi ⊂ Σ−i is the image of Rλpi ∩ Σ− by the homeomorphism h−1pi
and, therefore, it is homeomorphic to Sλpi−1;
• the set di ⊂ Σ− is the image of L ∩ Σ− by the homeomorphism h−1pi and,
therefore, it is homeomorphic to Sλpi−1 × Dn−λpi (see Figure 2).
Without loss of generality assume di ∩ Ui−1 = ∅ (to satisfy this condition
one changes values of the function ϕpi,i). Let ci = ∂di and Ri =
⋃
x∈ci
Ox.
Then ci is homeomorphic to Sλpi−1 × Sn−λpi−1 and Ri is homeomorphic to
Sλpi−1×Sn−λpi−1×R.According to the order relation every trajectoryOx, x ∈ di
intersects ∂Ui−1 at a single point. Let
di−1 =
⋃
x∈di
(Ox ∩ ∂Ui−1), ci−1 =
⋃
x∈ci
(Ox ∩ ∂Ui−1).
Then f−t1(x)(x) = Ox ∩ di, x ∈ di−1 defines a positive continuous function
t1 : di−1 → R mapping x ∈ di−1 to t1(x).
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By the induction hypothesis each connected component of ∂Ui−1 is a closed
topological (n−1)-manifold. Denote by Si−1 the union of the connected compo-
nents of ∂Ui−1 intersecting the set di−1. Let Bi−1 = Si−1\di−1. By construction
Bi−1 is a compact (n− 1)-submanifold with the boundary ci−1 and it is home-
omorphic to Sλpi−1 × Sn−λpi−1. From the collaring theorem (see, for example,
Theorem 2.1, p.152 [7]) there exists an embedding ξ : ci−1 × [0, 1] → Bi−1 for
which ξ(ci−1 × {0}) = ci−1. Let Ei−1 = ξ(ci−1 × [0, 1]).
Then for every point y ∈ Ei−1 there exists a unique pair of points xy ∈ ci−1
and ty ∈ [0, 1] such that y = ξ(xy, ty). On the other hand since xy ∈ di−1
there exists a corresponding t1(xy) for every xy. Extend the function t1 to the
positive function L1 : Ei−1 → R by L1(y) = t1(xy) + ty(1− t1(xy)). Define the
function T1 : Si−1 → R by
T1(x) =

t1(x), x ∈ di−1,
L1(x), x ∈ Ei−1,
1, x ∈ (Bi−1 \ Ei−1).
Let
S−i =
⋃
x∈Si−1
f−T1(x)(x), V 1i =
⋃
x∈Si−1
 ⋃
t∈[0,T1(x)]
f−t(x)
 .
Thus every point y ∈ V 1i is uniquely represented as y = f−ty (xy) where xy ∈
U
i-1
p
i
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i
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Si
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V
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V
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S
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+
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-
+
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-
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Vi
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i+1
U
i-1
Vi
4
Ci-1
Figure 2: Induction step if pi is a saddle
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Si−1 and ty ∈ [0, T1(xy)]. Define the function ϕ
V 1
i
: V 1i → [i− 2/3, i− 1/3] by
ϕ
V 1
i
(y) = i− 2− ty/T1(xy)
3
.
Let D−i = S
−
i \ di. By construction D−i is the compact (n− 1)-submanifold
with the boundary ci. Denote by t2 > 0 the time moment such that f
−t2(x) ∈
Σ+i for x ∈ ci. For every t ∈ [0, t2] let ψ(t) = ϕpi,i(f−t(ci)). Let D+i =⋃
x∈D−i
f−t2(x) and denote by V 2i ⊂Mn the compact set bounded by the compact
(n− 1)-submanifolds D−i , D+i , Ri. Every point y ∈ V 2i is uniquely represented
as y = f−ty (xy) where xy ∈ D−i and ty ∈ [0, t2]. Define the function ϕV 2
i
:
V 2i → [i− 1/3, i+ 1/3] by
ϕ˜
V 2
i
(y) = ψ(ty).
Denote by Ki the compact part of the level curve Σ
+
i bounded by Ri and
denote by V 3i ⊂ Upi the compact set bounded by Ri,Ki, di. Define the function
ϕ
V 3
i
: V 3i → [i− 2/3, i+ 1/3] by ϕV 3
i
= ϕpi,i.
Let Ci−1 = ∂Ui−1 \ Si−1 and V 4i =
⋃
x∈Ci−1
( ⋃
t∈[0,1]
f−t(x)
)
.
Thus every point y ∈ V 4i is uniquely represented as y = f−ty (xy) where
xy ∈ Ci−1 and ty ∈ [0, 1]. Define the function ϕ
V 4
i
: V 4i → [i− 2/3, i+ 1/3] by
ϕ
V 4
i
(y) = i+ ty − 2/3.
Let Ui = Ui−1 ∪
4⋃
i=1
V ji and define the required function ϕi by
ϕi(x) =
{
ϕi−1, x ∈ Ui−1,
ϕV ji
, x ∈ V ji , j ∈ {1, 2, 3, 4},
and that concludes the construction in this case.
c) The point pi is a source. From Proposition 3.1 it follows that there exists a
local energy function ϕpi,i in some neighborhood of pi. Let U˜i = ϕ
−1
pi,i
([i−1/3, i])
and Σi = ϕ
−1
pi,i
(i − 1/3). Without loss of generality assume Σi ∩ Ui−1 = ∅ (to
satisfy this condition one changes values of the function ϕpi,i).
Let Si−1 be one of the connected components of ∂Ui−1 = ϕ−1i−1(i− 2/3) and
such that Ox∩Si−1 6= ∅, x ∈ Σi (see Figure 3). Then f t1(x)(x) = Ox∩Si−1, x ∈
Σi defines a positive continuous function t1 : Σi → R. Let
V 1i =
⋃
x∈Σi
 ⋃
t∈[0,t1(x)]
f t(x)
 .
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Every point y ∈ V 1i is uniquely represented as y = f ty (xy) for some point
xy ∈ Σi and some time moment 0 ≤ ty ≤ t1(xy). Define the function ϕ
V 1
i
:
V 1i → [i− 2/3, i− 1/3] by
ϕ
V 1
i
(y) = i− 1/3 (1 + ty/t1(xy)) .
p
i S
i
U
i-1
U
i
V
i
U
i-1
S
i-1
1
2
C
i-1
2
V
i
C
i-1
V
i
Figure 3: Induction step if pi is a source
Let Ci−1 = ∂Ui−1 \ Si−1 and V 2i =
⋃
x∈Ci−1
( ⋃
t∈[0,1]
f−t(x)
)
.
Thus every point y ∈ V 2i is uniquely represented as y = f−ty (xy) where
xy ∈ Ci−1 and ty ∈ [0, 1]. Define the function ϕ
V 2
i
: V 2i → [i− 2/3, i+ 1/3] by
ϕ
V 2
i
(y) = i+ ty − 2/3.
Let Ui = Ui−1 ∪ U˜i ∪
2⋃
i=1
V ji and define the required function ϕi by
ϕi =

ϕi−1, x ∈ Ui−1,
ϕpi,i, x ∈ U˜i,
ϕ
V
j
i
, x ∈ V ji , j ∈ {1, 2}
and that concludes the construction in this case.
Thus by induction we have constructed the function ϕk−1 : Uk−1 → [1, k −
2/3] with the desired properties. We now turn to construction of the required
energy function ϕk : Uk → [1, k].
From Proposition 3.1 it follows that there exists a local energy function
ϕpk,k in some neighborhood of the source pk. Let U˜k = ϕ
−1
pk,k
([k − 1/3, k])
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and Σk = ϕ
−1
pk,k
(k − 1/3). Without loss of generality assume U˜k ∩ Uk−1 = ∅ (to
satisfy this condition one changes values of the function ϕpk,k). Then f
t1(x)(x) =
Ox ∩ ∂Uk−1, x ∈ Σk defines a positive continuous function t1 : Σk → R. Let
Vk =
⋃
x∈Σk
 ⋃
t∈[0,t1(x)]
f t(x)
 .
Every point y ∈ Vk is uniquely represented as y = f ty (xy) for the point xy ∈ Σk
and the time 0 ≤ ty ≤ t1(xy). Define the function ϕVk : Vk → [k− 2/3, k− 1/3]
by
ϕ
Vk
(y) = k − 1/3 (1 + ty/t1(xy)) .
Let Uk = Uk−1 ∪ Vk and define the required function by
ϕk =
{
ϕk−1(x), x ∈ Uk−1,
ϕ
Vk
(x), x ∈ Vk,
and this concludes the construction.
p
k
S
k
U
k-1
U
k
U
k-1
V
k
Figure 4: Construction of the required energy function ϕk : Uk → [1, k]
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